1012. Proposed by George Apostolopoulos, Messolonghi, Greece.
Let ABC denote a triangle, I its incenter, s its semiperimeter, and R,,R5,, and R, the
circumradii of triangles IBC, ICA, and IAB, respectively. Prove that

(@) 4 +-L 4+ ¢ <3/3 and

R, "R, "R.
(0) R.+R,+R.> %gg

Solution by Arkady Alt , San Jose ,California, USA.
Since sin £ BIC = n — B+C _ I+A then applying Sin-Theorem to triangle IBC

2 2
in__ BC  _ __a  _ - _a - LA
we obtain sin/ BIC 2R, &= T 2R, <= R, oo & < Ry = 2Rsin 5-.
2 2
Theref A <393 ond, s A we obtai
erefore, > 4 R Zcosj < —5—|and, since s = 4RH0057,We obtain
cyc cyc cyc
TR, 2s«/_ Zstm% > 2 °4RHCOS% = Zsin% > 4 TTcos
cyc cyc ﬁ cyc cyc ﬁ cyc
_ rt—A .. =B o = A _ & _ ﬁzl Lzﬂ_
Leta := 5 P A 5 C then 5 > %5 B, 5 7,

where a, B,y € (O%) anda+p+y=rm.
Therefore, inequality (a) and (b), respectively, equivalent to

(1) sina+sinf+siny < # and
(2) cosa+cosp+cosy > Tsmasmﬁsm)f
Proof of (1).
Since sina + sin f = 2sin a;ﬁ co ﬁ < ZSm%ﬂ = 2cosl then
. . . y . 7/ Y

< v L cos+ = L -
sina + sin 8 + siny < 2cos 5 + 25sin > €085 = 2cos (1 + sin = )

2(1 + sin %) 11— sinz% =2JU0 -0 +1)* ,where r = s1n—.
By AM-GM Inequality (1 —¢)(1 +1)* = (B =30+ < %(M> =

3
Hence, sina + sin§ + siny < 2 | gi = ¥

(Or another way to prove (1):
Since sinx is concave down on (0,7) then, by Jensen Inequality, we obtain

sina + sin B + siny a+B+y g 3
3 < sin ——3—— =sin3 = —— ).
Proof of (2).

Consider some triangle (acute) with angles a, B,y.We will use regular notation for
metric elements of this triangle, namely, let a, b, c be sidelengths of this triangle and
s,R,r be it's semiperimeter, circumradius, inradius, respectively.

( don’t mix them with notation of correspondent elements in original triangle).
abc _ 4Rrs _ _rs_ipnen
8R? 8R3 2R?

Since cosa +cosB+cosy =1+ % and sinasin fsiny =



ro> 4 . rs ros _2rs
(2= 1+ = 2 L = 1+ R 2 RS <= 2rs < J3R(R+r).
. . . 3J3 3J3 .
Note that sina + sin 8 + siny < - eSS =5 R. Since 2rs < 3J3 Rr and

3J3Rr < J3R(R+r) < 3r < R+r < 2r < R (Euler Inequality) then 2rs < J3R(R +r)
and that complete the proof.



